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We study the motion of electrically charged particles, magnetic monopoles, and magnetic dipoles
around electrically and magnetically charged stringy black holes. From the analysis of the radius
of the innermost stable circular orbit (ISCO) of electrically charged particles, we show that the
electric charge Q of stringy black holes can mimic well the spin of Kerr black holes; the black hole
magnetic charge Qm can mimic spins up to a∗ ' 0.85 for magnetic dipoles; the magnetic charge
parameter g of a magnetic monopole can mimic spins up to a∗ ' 0.8. This is due to the destructive
character of the magnetic field and such a result excludes the existence of an appreciable black hole
magnetic charge in astrophysical black holes from the observation of rapidly rotating objects with
dimensionless spin up to a∗ ' 0.99. We then consider the magnetar SGR (PSR) J1745-2900 as a
magnetic dipole orbiting the supermassive black hole Sagittarius A* (Sgr A*). We show that Sgr A*
may be interpreted as a stringy black hole with magnetic charge Qm/M ≤ 0.4118.
PACS numbers: 04.50.-h, 04.40.Dg, 97.60.Gb
I. INTRODUCTION
General Relativity has been extensively tested in weak
gravitational fields [1], and the interest is now shifting
to test the theory in the strong field regime [2–6]. This
is also possible thanks to new observational facilities ca-
pable of providing unprecedented high quality data. In
some specific cases, we have completely new observations,
which were impossible up to a few years ago. The Event
Horizon Telescope (EHT) collaboration has recently re-
leased the direct image of the supermassive black hole in
the elliptic galaxy Messier 87 (M87) [7, 8]. The LIGO-
Virgo experiment can now detect gravitational waves
from the coalescence of black holes and neutron stars
in compact binaries [9, 10]. On the other hand, we know
that General Relativity has a number of theoretical is-
sues demanding new physics, such as the presence of
spacetime singularities in almost all physically relevant
solutions, the difficulties to find a UV-complete theory of
quantum gravity, and some fundamental problems aris-
ing in the black hole evaporation process. Observational
tests of General Relativity in the strong field regime have
thus the potentiality to show us deviations from the pre-
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dictions of Einstein’s gravity and the path towards a UV-
complete theory of quantum gravity.
The well-known Kerr-Sen solution proposed in Ref. [11]
describes black holes in a low-energy limit of heterotic
string theory. The solution is specified by the black
hole mass M , the black hole rotation parameter a (or,
equivalently, the dimensionless black hole spin param-
eter a∗ = a/M), and an additional electric charge Q
associated to a U(1) gauge field. Optical properties
of Kerr-Sen black holes were studied in [12–17]. Ra-
dial geodesics around Kerr-Sen black holes were studied
in [18]. In Ref. [19], the Parikh-Wilczek method was used
to study their Hawking radiation. Other thermodynam-
ical properties of Kerr-Sen black holes were extensively
investigated in [20–22]. Instabilities of charged massive
scalar fields around Kerr-Sen black holes were analyzed
in [23]. Particle collisions near Kerr-Sen Dilaton-Axion
black holes were studied in [24]. Motion of magneti-
cally charged particles were discussed in [25]. Stringy
effects on the relative time delay in the Kerr-Sen and
Kerr-Newmann spacetimes were studied in [26, 27]. The
optical properties of a luminous object orbiting near the
horizon of a Kerr-Sen black hole were calculated in [28].
The approximate final spin and quasinormal modes of
a Kerr-Sen black hole resulting from the merger process
were analyzed in [29].
The properties of the electromagnetic radiation emit-
ted by material orbiting an astrophysical black hole are
determined by the motion of massive and massless par-
ticles in the strong gravity region of the compact object
and the study of these properties can thus be a useful tool
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2to test General Relativity in the strong field regime [3, 6].
In General Relativity, the no-hair theorem guarantees
that black holes are only characterized by three parame-
ters (mass, spin, and electric charge) and therefore can-
not have their own intrinsic magnetic field [30]. However,
a black hole can be embedded into an external magnetic
field, and the simplest scenario is that of an external,
asymptotically uniform, magnetic field [31]. In the case
of a rotating black hole, the effect of frame dragging al-
ters the structure of the asymptotically uniform mag-
netic field and an additional electric field appears. The
trajectories of charged particles may have a chaotic be-
havior [32–37]. In Refs. [38–47], the authors studied
the motion of particles in black hole spacetimes in the
presence of external magnetic fields.
The study of the motion of magnetic dipoles in black
hole spacetimes in the presence of magnetic fields can be
seen as a tool to study the spacetime structure of the
strong gravity region around the compact object. The
first pioneering attempts to analyze the motion of mag-
netic dipoles around Schwarzschild and Kerr black holes
embedded in external magnetic fields were presented in
Refs. [48, 49]. The motion of magnetic dipoles around
deformed Schwarzschild black holes in the presence of
magnetic fields was studied in [50]. Magnetic dipole
collisions near rotating black holes in the presence of
quintessence were investigated in [51]. Acceleration of
magnetic dipoles near compact objects in the presence
of external magnetic field were explored, for instance, in
Refs. [52–55] in different modified gravity models. In our
recent papers, we studied the magnetic dipole motion in
conformal gravity and in modified gravity models [56, 57].
Studies of the electromagnetic field around black holes in
the presence of an external, asymptotically uniform, and
dipolar magnetic field are reported in Refs. [58–85].
In the present paper, we study the motion of electri-
cally charged particle, magnetic monopoles, and mag-
netic dipoles in the strong gravity region of an electri-
cally and magnetically charged Kerr-Sen black hole. The
manuscript is organized as follows. In Section II, we
study the motion of electrically charged particles around
electrically charged stringy black holes. Section III is
devoted to the dynamics of magnetic monopoles around
magnetically charged stringy black holes. We explore the
motion of magnetic dipoles around magnetically charged
stringy black holes in Section IV. Sections V and VI are
devoted, respectively, to possible astrophysical applica-
tions and to our concluding remarks. Throughout the
paper, we employ geometrized units in which G = c = 1
and the spacetime signature (−,+,+,+). Greek (Latin)
indices run from 0 to 3 (from 1 to 3).
II. CHARGED PARTICLE MOTION AROUND
ELECTRICALLY CHARGED STRINGY BLACK
HOLES
In this section, we study the motion of charged par-
ticles around electrically charged, static, stringy black
holes, whose spacetime is described by the line ele-
ment [11]
ds2 = −N(r)dt2 + 1
N(r)
dr2 + r2
(
1 +
2b
r
)
dθ2
+r2
(
1 +
2b
r
)
sin θdφ2, (1)
N(r) =
[
1− 2(M − b)
r
](
1 +
2b
r
)−1
,
where b = Q2/2M , Q is the black hole electric charge,
and M is the black hole mass. One can easily find the
radius of the event horizon from N(r) = 0 and the result
is
rh = 2(M − b) . (2)
The event horizon disappears when bext = M , or, equiva-
lently, when Qext =
√
2M . The 4-potential of the electric
field around the black hole is
Aµ =
{
−Q
r
(
1 +
2b
r
)−1
, 0, 0, 0
}
. (3)
The components of the electric field measured by an
observer with 4-velocity uα are given by
Eα = Fαβu
β , (4)
where Fαβ = Aβ;α − Aα;β is the Faraday tensor and a
semicolon denotes a covariant derivate. The 4-velocity of
the proper observer is
uα =
√1 + 2M2
M(r − 2M) +Q2 , 0, 0, 0
 , (5)
and the orthonormal components of the electric field are
E rˆ =
M2Q
(Mr +Q2)
2 , E
θˆ = Eφˆ = 0 . (6)
Eq. (6) shows that the only non-vanishing component of
the electric field is indeed the radial one, as assumed. One
can easily check that in the Newtonian limit (M/r → 0)
the above expression reduces to
E rˆ =
Q
r2
, (7)
and we recover the Reissner-Nordstro¨m case in the weak
field limit.
3Let us now use the Hamilton-Jacobi equation to derive
charged particle trajectories. The basic equation is
gαβ
(
∂S
dxα
+ qAα
)(
∂S
dxβ
+ qAβ
)
= −m2 , (8)
where q and m are the electric charge and the mass of the
test particle, respectively. Considering the symmetries of
the spacetime, the action of the test particle S in (8) can
be written as
S = −Et+ Lφ+ Sθ + Sr , (9)
where E and L are the energy and angular momentum
of the charged particle, respectively. For what follows, it
is convenient to introduce the specific energy E = E/m
and specific angular momentum L = L/m. The equation
of motion (8) becomes
− (2bE + Er + qQ)
2
N(r)(2b+ r)2
+N(r)
(
∂Sr
∂r
)2
(10)
+
L2
(2br + r2) sin2 θ
+
1
2br + r2
(
∂Sθ
∂θ
)2
= −1 .
Fig. 1 shows some examples of trajectories for a charged
particle. If we increase the value of the electric charge Q,
we increase the average radius of the trajectory. This fact
can be easily interpreted as the result of the interaction
between the electric charge of the test particle and the
electric charge of the black hole: if both electric charges
are positive, the force is repulsive and the average radius
increases while, for charges of opposite sign, the force is
attractive and the radius decreases.
Now we consider the equatorial plane (θ = pi/2) as the
plane of motion of the charged particle where the effective
potential can be defined from the relation
r˙2 =
[
E − V −eff(r)
][
E − V +eff(r)
]
, (11)
where
V ±eff =
qQ
r
(
1 +
Q2
M
)−1
(12)
±
√√√√√1− 2Mr
(
1− Q22M2
)
1 + Q
2
Mr
[
1 +
L2
r2
(
1 +
Q2
Mr
)−1]
.
In what follows, we will only consider V +eff , and we will
simply write it as Veff , because it is the effective potential
associated to positive energy orbits.
The radial profile of the effective potential Veff is shown
in Fig. 2. The electric charges of the stringy black hole
and of the test particle can increase or decrease the value
of Veff with respect to the Schwarzschild case. Generally
speaking, the effective potential decreases if the electric
charges of the stringy black hole and of the test particle
have the same sign and increases if they have opposite
sign.
Circular orbits are of particular interest because of
their astrophysical applications. The Novikov-Thorne
model [86, 87] is the standard framework for the de-
scription of thin accretion disks around black holes. The
model assumes that the particles of the disk follow nearly-
geodesic, equatorial, circular orbits, slowly falling into
the gravitational well of the black hole. The inner edge
of the accretion disk is set at the innermost stable circu-
lar orbit (ISCO) and when a particle reaches the ISCO
it quickly plunges onto the black hole. The ISCO can
thus have important observational implications when it
can be associated to the inner edge of the accretion disk
of a source. The ISCO radius can be found by solving
the following set of equations
Veff(r) = E , V ′eff(r) = 0 , V ′′eff(r) = 0 . (13)
Fig. 3 shows the radial coordinate of the ISCO radius as
a function of the black hole electric charge Q and the par-
ticle electric charge q. From the left panel in Fig. 3, we
can see quite an intersting phenomenon. If the electric
charge of a particle with unit mass is q = −Qext/2, then
for a maximally charged black hole (Qext =
√
2M) the
ISCO radius tends to infinity, namely no stable circular
orbits can exist, no matter how far the charged particle
is from the black hole. The right panel in Fig. 3 simply
shows that, when the sign of the electric charges of the
black hole and the test particle is the same (opposite), the
electrostatic interaction decreases (increases) the gravita-
tional force, and therefore the ISCO radius has a smaller
(larger) value.
The energy of an electrically charge particle in circu-
lar orbits is shown in Fig. 4. If the attractive force gets
stronger, the particle energy decreases. We can also see
that the energy of a test particle with opposite charge
with respect to the black hole is smaller than the case
in which the test particle and the black hole have elec-
tric charges of the same sign. The radial profile of the
angular momentum of an electrically charged particle in
circular orbits is shown in Fig. 5. The minimum corre-
sponds to the ISCO radius for that particular parameter
configuration.
It is also remarkable that the electric charge of a static
non-rotating black hole can produce similar effects, and
thus mimic, the spin parameter of an uncharged Kerr
black hole. This is shown in Fig. 6. The value of the
ISCO radius has some important observational effects.
However, the same radial coordinate of the ISCO radius
can be associated either to a non-rotating but electri-
cally charged stringy black hole and to an electrically
uncharged Kerr black hole. It is also remarkable that
a maximally charged stringy black hole shares the same
ISCO radius with a maximally rotating Kerr black hole;
that is, there is a one-to-one correspondence between
non-rotating stringy black holes and Kerr black holes.
Such a degeneracy suggests that from the observational
point of view it may be challenging to distinguish non-
rotating stringy black holes from Kerr black holes in the
Universe.
4FIG. 1: Trajectories of test particles with positive electric charge for different values of the black hole electric charge Q. The
top row is for a black hole with electric charge Q/M = −0.5, the central row is for an electrically neutral Schwarzschild black
hole, and the bottom row is for a black hole with electric charge Q/M = 0.5.
We note, however, that astronomical macroscopic ob-
jects tends to have a very small electric charge. Be-
cause of the highly ionized environment around black
holes, we can expect that any possible initial large electric
charge can be almost neutralized very quickly to a non-
vanishing, but very small, equilibrium electric charge. In
such a case, a small electric charge of a stringy black hole
cannot mimic a fast-rotating Kerr black hole.
III. MAGNETIC MONOPOLE MOTION
AROUND MAGNETICALLY CHARGED
STRINGY BLACK HOLES
In the previous section, we have discussed the electri-
cally charged stringy black hole metric (also known as
Sen black hole metric), which is a solution of heterotic
string theory in the four dimensional low-energy field the-
ory limit. However, if the black hole metric is magneti-
cally charged, the spacetime metric is different [88]. One
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FIG. 2: Radial profile of the effective potential of charged particles around static and electrically charged stringy black holes
in the equatorial plane θ = pi/2. The left panel is for different values of the black hole charge. The right panel is for different
values of the particle charge.
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FIG. 3: Left panel: ISCO radius as a function of the black hole electric charge Q for different values of the particle electric
charge q. Right panel: ISCO radius as a function of the particle electric charge q for different values of the black hole electric
charge Q.
can write the action for heterotic string theory in the four
dimensional low-energy regime as [25, 89]
S =
∫
d4x
√−g e−2ϕ
[
R+ 4(∇ϕ)2 − FαβFαβ
− 1
12
HαβγH
αβγ
]
, (14)
where ϕ is the dilaton field and eϕ is regarded as a cou-
pling constant reinforcing the stringy effects. Here the 3-
form Hαβγ consists of the potential Bαβ and the Maxwell
gauge field Aα, which are related by
Hαβγ = ∂αBβγ + ∂γBαβ + ∂βBγα
− 1
4
(
AαFβγ +AγFαβ +AβFγα
)
. (15)
From the action in (14), we can recover the standard
Einstein-Hilbert-Maxwell action by setting Hαβγ = 0. In
fact, by rescaling the metric tensor through the coupling
constant gαβ → e−2ϕgαβ , one can rewrite the action in
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FIG. 4: Energy of an electrically charged particle in a circular orbit as a function of the orbital radius for different values of
the black hole electric charge Q (left panel) and of the particle electric charge q (right panel).
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FIG. 5: Angular momentum of an electrically charged particle in a circular orbit as a function of the orbital radius for different
values of the black hole electric charge Q (left panel) and of the particle electric charge q (right panel).
the following form
S =
∫
d4x
√−g
(
R− 2(∇ϕ)2 − e−2ϕF 2
)
. (16)
The above action satisfies to the following equation of
motion of the Maxwell field
∇α
(
e−2ϕFαβ
)
= 0 . (17)
Note that this equation is invariant under the transfor-
mation F → F ?, ϕ → −ϕ. From Eq. (17), F ?αβ =
e−2ϕ 12αβ
γρFγρ is satisfied as a curl-free [25, 90]. With
such a symmetry, the electromagnetic duality transfor-
mation, i.e. ϕ → −ϕ, can transform an electrically
charged black hole solution into a magnetically charged
one. Consequently, the spacetime metric describing a
magnetically charged black hole in Schwarzschild coordi-
nates (t, r, θ, ϕ) is written as
ds2 = −f(r)
h(r)
dt2 +
dr2
f(r)h(r)
+ r2dθ2 + r2 sin2 θ dφ2,(18)
where
f(r) = 1− 2M
r
, h(r) = 1− Q
2
m
M r
, (19)
M is the black hole mass and Qm is related to the black
hole magnetic charge. It is worth noting that the event
horizon of the above black hole spacetime is given by(
1− 2M
r
)(
1− Q
2
m
M r
)
= 0 . (20)
From the above equation, it is immediately clear that
the event horizon is located at rh = 2M , which is the
same radial coordinate of the event horizon as in the
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FIG. 6: Relation between the electric charge Q of a non-
rotating stringy black hole and the rotation parameter a of
an electrically uncharged Kerr black hole when we require the
same value of the ISCO radius (in units of M). This plot is
obtained in the case of electrically neutral test particles and
suggests that a non-rotating stringy black hole can mimic an
electrically uncharged Kerr black hole.
Schwarzschild spacetime. We also note that the black
hole magnetic charge cannot exceed the value Qm =√
2M .
Let us start with the study of the motion of a magnetic
monopole in the background geometry of a magnetically
charged stringy black hole. The test particle has rest
mass m, vanishing electric charge q = 0, and magnetic
charge qm. In general, the Hamiltonian of the system is
given by [30]
H ≡ 1
2
gαβ
(
∂S
∂xα
− qAα + iqmA?α
)
×
(
∂S
∂xβ
− qAβ + iqmA?β
)
, (21)
where S is the action, xα are the spacetime coordinates,
Aα is the 4-vector potential, and A
?
α is the dual 4-vector
potential. The non-vanishing components of Aα and A
?
α
are
A?t = −
iQm
r
and Aφ = −Qm cos θ . (22)
Here we only consider the motion of a magnetic
monopole, q = 0, and thus we are interested in the non-
vanishing A?t of the electromagnetic field as the test par-
ticle has only a non-vanishing magnetic charge qm [25].
The case of an electrically charged particle was discussed
in the previous section.
The Hamiltonian is a constant and we can setH = k/2,
where k and m are related by k = −m2. For the above
Hamilton-Jacobi equation, the action S for the motion
of a magnetic monopoles in the gravitational field of a
magnetically charged black hole has the following form
S = −1
2
kλ− Et+ Lϕ+ Sr(r) + Sθ(θ) , (23)
where Sr and Sθ are functions of only r and θ, respec-
tively. We can then rewrite the Hamilton-Jacobi equation
in the following expanded form:
− h(r)
f(r)
[
−E + qmQm
r
]2
+ f(r) h(r)
(
∂Sr
∂r
)2
+
1
r2
(
∂Sθ
∂θ
)2
+
L2
r2 sin2 θ
− k = 0 . (24)
There are four independent constants of motion in the
above equation: E, L, k, and a fourth constant related to
the latitudinal motion and arising from the separability
of the action. However, in this study we ignore the fourth
constant of motion because we study the motion of the
magnetic monopole on the equatorial plane θ = pi/2 [30].
From Eq. (24) it is straightforward to derive the radial
TABLE I: Radial coordinates of the ISCO radius for mag-
netic monopoles orbiting a magnetically charged black hole
for different values of the magnetic charge parameter g and
black hole magnetic charge Qm. Note that the radial coordi-
nate of the ISCO radius always reduces to the Schwarzschild
case, i.e. risco = 6, when g = 0 for any value of Qm.
g
Qm 0.01 0.05 0.10 0.50
−0.01 −0.05 −0.1 −0.50
0.1 6.00001 6.00006 6.00015 6.00181
5.99999 5.99997 5.99996 -
0.2 6.00008 6.00044 6.00099 6.00979
5.99992 5.99967 5.99944 -
0.5 6.00136 6.00719 6.01545 6.13338
5.99868 5.99379 5.98850 5.97221
0.8 6.00708 6.03764 6.08148 6.90408
5.99313 5.96765 5.93985 5.82584
1.0 6.01869 6.10156 6.22713 7.82272
5.98203 5.91674 5.84776 5.57606
equation of motion for a magnetic monopole and we find
r˙2 =
[
E − E−(r)
][
E − E+(r)
]
, (25)
where the radial function E±(r,L, Qm, g) related to the
radial motion is given by
E±(r,L, Qm, g) = gQm
r
±
√
f(r)
h(r)
(
1 +
L2
r2
)
, (26)
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FIG. 7: Radial profile of the effective potential for massive magnetic monopoles orbiting a magnetically charged black hole.
Left and central panels: Veff vs r/M for different values of g in the case of Qm = 1. Right panel: Veff vs r/M for different
values of Qm in the case of g = 0.1.
g = 0.00
g = 0.05
g = 0.1
4 5 6 7 8 9
6
7
8
9
10
r/M
L
2
Q = 0.1
Q = 0.3
Q = 0.5
4 5 6 7 8 9
11
12
13
14
15
16
17
18
r/M
L
2
FIG. 8: Radial profile of the specific angular momentum for magnetic monopoles orbiting a magnetically charged black hole.
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values of the black hole magnetic charge Qm for g = 0.1.
and we have defined g = qm/m and k/m
2 = −1. In
Eq. (25), r˙2 ≥ 0 must always be satisfied, and this im-
plies either E > E+(r,L, Qm, g) or E < E−(r,L, Qm, g).
However, we shall restrict ourselves to the positive en-
ergy case, which is physically associated to the effective
potential, i.e. Veff(r,L, Q, g) = E+(r,L, Qm, g). Note
that the effective potential reduces to the Schwarzschild
one in the case of vanishing magnetic charge Qm. We
further focus on the effective potential Veff(r,L, Qm, g)
to determine the motion of the magnetic monopole.
The radial profile of the effective potential is shown in
Fig. 7 for different values of g and Qm. As can be seen
from the radial profile of Veff(r,L, Qm, g), the particle
magnetic charge parameter, g, and the black hole mag-
netic charge, Qm, have a similar effects if g is positive.
In the case of negative g, their effect is opposite. We also
note that the strength of the potential for positive g is
slightly stronger than the one of the black hole magnetic
charge Qm; see Fig. 7.
Let us now consider the circular orbits of a magnetic
monopole orbiting a magnetically charged stringy black
hole. For circular orbits, we need to consider the follow-
ing conditions for the effective potential
Veff(r,L, Qm, g) = E , V ′eff(r,L, Qm, g) = 0 , (27)
where here a prime ′ denotes a derivative with respect to
r. It is then straightforward to calculate the specific en-
ergy E and angular momentum L of a magnetic monopole
in a circular orbit. We find
E = gQm
r
+
√
f(r)
h(r)
(
1 +
L2
r2
)
, (28)
L2 = r
3
[
f(r)h′(r)− h(r)f ′(r)]− 2g2Q2mf(r)h(r)3
rh(r)f ′(r)− f(r) [rh′(r) + 2h(r)]
+
2gQmf(r)h(r)
2(
rh(r)f ′(r)− f(r) (rh′(r) + 2h(r)))2
×
[
h(r)
(
g2Q2mh(r)− 2r3f ′(r)
)
+ 2r2f(r)
(
rh′(r) + 2h(r)
)]1/2
. (29)
The radial profile of the specific angular momentum of a
magnetic monopole in a circular orbit around a magnet-
ically charged black hole is shown in Fig. 8.
Now we determine the ISCO radius of a magnetic
monopole orbiting a magnetically charged stringy black
hole. We calculate the ISCO radius from the condition
V ′′eff(r,L, Qm, g) = 0, as done in the previous section. We
assume g = 0. From V ′eff(r,L, Qm, g) = 0, we determine
9the minimum value of the angular momentum in a circu-
lar orbit
L2 =
(
Q2m − 2M2
)
r3
6M2r − 2M (2Q2m + r2) +Q2mr
, (30)
By substituting Eq. (30) into V ′′eff(r,L, Qm, g) = 0, we
find the following condition for the ISCO radius(
Q2m − 2M2
)
(r − 6M) r3
(
Q2m −Mr
)2
= 0 . (31)
From this equation it is immediately clear that, in the
case g = 0, we have risco = 6M , which is the same value
as in the Schwarzschild spacetime. The observational
implications are straightforward: a faraway observer can-
not distinguish a magnetically charged stringy black hole
from a Schwarzschild black hole. Table I shows the nu-
merical results of the ISCO radius for different values of
the magnetic charge parameter g and of the black hole
magnetic charge Qm. If g is positive, the ISCO radius
increases as g increases. If g is negative, the ISCO radius
decreases as |g| increases. Note that for |g|  1 we can
write risco = 6 ± δrisco, namely for small values of the
magnetic charge parameter there are only small changes
in the value of the ISCO radius.
We now calculate the value of the magnetic charge g
of a test particle orbiting around a magnetically charged
stringy black hole and the value of the rotation parameter
a of a Kerr black hole leading to the same ISCO radius.
Our results are shown in Fig. 9. However, unlike the
previous case of an electrically charged particle around an
electrically charged stringy black hole, it is not possible
to reproduce the ISCO value of any Kerr black hole. It
is only possible to recover the ISCO radius of Kerr black
holes with spin parameters up to a/M ≈ 0.8, but it is
impossible to get smaller values of the ISCO radius as in
the case of faster rotating Kerr black holes.
IV. MAGNETIC DIPOLES AROUND
MAGNETICALLY CHARGED STRINGY BLACK
HOLES
In this section, we study the dynamics of magnetic
dipoles orbiting magnetically charged stringy black holes
with the spacetime metric given in (18) and the electro-
magnetic potential in (22). The non-vanishing compo-
nents of the Faraday tensor Fµν are
Fθφ = −Fφθ = −Qm sin θ . (32)
The magnetic field of the magnetically charged stringy
black hole can be derived from
Bα =
1
2
ηαβσµFβσwµ , (33)
where wµ is the 4-velocity of observer, ηαβσγ is the
pseudo-tensorial form of the Levi-Civita symbol αβσγ
Qm = 1
Qm = 1.2
Qm = 1.4
-1.0 -0.8 -0.6 -0.4 -0.2 0.00.0
0.2
0.4
0.6
0.8
1.0
g
a/M
FIG. 9: Rotation parameter a of a Kerr black hole vs magnetic
charge g of a test particle orbiting a stringy black hole with
magnetic charge Qm leading to the same ISCO radius for
different values of Qm. However, the stringy scenario can
mimic the standard scenario of a Kerr black hole only for a
Kerr black hole spin parameter up to 0.8.
defined as
ηαβσγ =
√−gαβσγ , ηαβσγ = − 1√−g 
αβσγ , (34)
where g = det|gµν | = −r4 sin2 θ for the spacetime metric
in (18), 0123 = 1, and
αβσγ =

+1 , for even permutations ,
−1 , for odd permutations ,
0 , for the other combinations ,
. (35)
The orthonormal radial component of the magnetic
field of the magnetically charged stringy black hole is
Brˆ =
Qm
r2
. (36)
Eq. (36) implies that the radial component of the mag-
netic field around a magnetically charged black hole is not
effected by the spacetime geometry of the stringy black
hole and formally coincides with the standard Newtonian
expression.
We can study the dynamics of magnetic dipoles around
magnetically charged black holes using the Hamilton-
Jacobi equation [48]
gµν
∂S
∂xµ
∂S
∂xν
= −
(
m− 1
2
DµνFµν
)2
, (37)
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where the term DµνFµν is responsible for the interac-
tion between the magnetic dipole and the magnetic field
generated by the magnetic charge of the stringy black
hole. Here we assume that the magnetic dipole has the
corresponding polarization tensor Dαβ that satisfies the
following conditions
Dαβ = ηαβσνuσµν , Dαβuβ = 0 , (38)
where µν is the dipole moment of the magnetic dipole.
Here we determine the interaction termDµνFµν using the
relation between the Faraday tensor Fαβ and the compo-
nents of the electric field, Eα, and of the magnetic field,
Bα,
Fαβ = wαEβ − wβEα − ηαβσγwσBγ . (39)
Employing the condition given in Eq. (38) and the non-
zero components of the Faraday tensor, we have
DαβFαβ = 2µαBα = 2µαˆBαˆ . (40)
We assume that the motion of the test particle is on
the equatorial plane and that its magnetic dipole mo-
ment is aligned along the direction of magnetic field lines
of the stringy black hole. In such a case, the compo-
nents of the dipole magnetic moment of the particle are
µi = (µr, 0, 0). This configuration allows for an equi-
librium state for the interaction between the magnetic
field and the magnetic dipole, while other configurations
cannot provide any stable equilibrium state. This config-
uration also allows to study the particle motion and we
may avoid the relative motion problem by choosing the
appropriate observer’s frame. Due to the constant value
of the magnetic moment of the particle, the second con-
dition in (38) is automatically satisfied. The interaction
part can be calculated using Eqs. (40) and (32)
DαβFαβ = 2µQm
r2
, (41)
where µ =
√
µiˆµ
iˆ is the norm of the magnetic dipole
moment of the particle.
Due to the symmetries of the magnetic field and of
the spacetime, we can write the action of the magnetic
dipole in the Hamilton-Jacobi equation (37) in the fol-
lowing form
S = −Et+ Lφ+ Srθ(r, θ) . (42)
Since we consider the motion on the equatorial plane
(θ = pi/2), Eqs. (40), (37) and (42) provide the following
equation for the radial component
r˙2 = E2 − Veff(r;L,B) , (43)
where the effective potential has the form
Veff(r;L,B) = f(r)
h(r)
[(
1− B
r2
)2
+
L2
r2
]
(44)
where
B = µQm
m
,
is the magnetic interaction parameter responsible for the
interaction between the magnetic dipole of the test par-
ticle and the proper magnetic field of the magnetically
charged stringy black hole. β = µ/(mM) is a dimension-
less parameter characterizing the magnetic dipole and the
spacetime parameters. β is always positive. Modeling a
magnetized neutron star as a test magnetic dipole with
moment µ = (1/2)BNSR
3
NS orbiting around a supermas-
sive black hole (SMBH), we find
β =
BNSR
3
NS
2mNSMSMBH
= 0.0341
(
BNS
1012G
)(
RNS
106cm
)
×
(
mNS
1.4M
)−1(
MSMBH
3.8 · 106M
)−1
. (45)
The circular stable orbits of the magnetic dipole
around the central object can be derived by the condi-
tions
V ′eff = 0 , V
′′
eff ≥ 0 , (46)
which can be used to find the specific angular momentum
and the specific energy in circular orbits of the magnetic
dipole:
L2 =
(
r2 − B)
r2F(r)
{
2M2
(
r3 − 5rB
)
+ 4MB
(
2Q2m + r
2
)
− Q2mr
(
r2 + 3B
)}
, (47)
E2 = 2M(r − 2M)
2
F(r)
(
1− B
2
r4
)
, (48)
where F(r) = 2M(Q2m + r2)− r
(
6M2 +Q2m
)
.
Fig. 10 shows the radial profile of the specific angular
momentum of a magnetic dipole around a magnetically
charged stringy black hole. One can see from the figure
that if we increase the magnetic charge of stringy black
hole (the parameter β for the magnetic dipole), the spe-
cific angular momentum of the magnetic dipole decreases
and the inner circular orbit comes closer to the central
object, while the parameter β does not change the dis-
tance of the last circular orbit.
The radial profile of the specific energy of a magnetic
dipole for different values of the parameter β and of the
black hole magnetic charge Qm is shown in Fig. 11. One
can see from Fig. 11 that the increase of both the black
hole magnetic charge Qm and of the parameter β make
the specific energy of the magnetic dipole in circular or-
bits increase. However, the effect of the magnetic charge
is stronger than the effect of the parameter β.
We can get the equation for the ISCO radius taking
into account the conditions (46) for the effective potential
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FIG. 10: Radial profile of the specific angular momentum in
circular orbits of a magnetic dipole for different values of the
magnetic charge Qm and of the parameter β.
(44) in the following form
r5(r − 6M)
(
2M2 −Q2m
)
+ B2
[
3r2
(
Q2m + 14M
2
)
−6Mr
(
3Q2m + 10M
2
)
+ 32M2Q2m − 8Mr3
]
≥ 0 .(49)
The numerical solution of Eq. (49) with respect to the
radial coordinate is presented in Fig. 12, where we show
the ISCO radius as a function of the black hole mag-
netic charge and of the parameter β. We can see that
the ISCO radius decreases if the magnetic charge pa-
rameter Qm increases, and the decreasing rate increases
when we increase the parameter β. Moreover, an upper
value for the parameter β exists. For β exceeding such
an upper value, there are no circular stable orbits for the
magnetic dipole. This upper value for the parameter β
decreases with the increase of the magnetic charge pa-
rameter. However, the value of the ISCO radius is the
same for all values of the magnetic charge parameter at
the upper value of the parameter β.
V. ASTROPHYSICAL APPLICATIONS
In this section, we would like to answer to the fol-
lowing question: can the magnetic charge of a stringy
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FIG. 11: Radial profile of the specific energy in circular orbits
of a magnetic dipole for different values of the magnetic charge
Qm and of the parameter β.
black hole mimic the spin of a rapidly rotating Kerr
black hole through its magnetic interactions with orbit-
ing material? To address this question, we study the
ISCO radius of magnetic dipoles around (i) a magneti-
cally charged stringy black hole, (ii) a rapidly rotating
Kerr black hole, and (iii) a Schwarzschild black hole im-
mersed in an external, asymptotically uniform, magnetic
field. We are going to show the cases when the magnetic
charge mimics the spin and magnetic interaction param-
eters providing the same ISCO radius.
We note that we focus on the location of the ISCO be-
cause the latter is often the key-quantity in the interpre-
tation of the electromagnetic spectra of black holes [3, 6].
The radiation emitted by material at larger radii is not
very informative about the spacetime metric: it is nor-
mally difficult to determine the orbital radius because
relativistic effects are quite similar and at larger radii
relativistic effects are weaker. The radiation emitted by
material inside the ISCO is normally negligible and dif-
ficult to model: there are no stable circular orbits inside
the ISCO, so when a particle reaches the ISCO it quickly
plunges onto the black hole. In the end, the ISCO is the
most sensitive quantity of the spacetime metric and it
is relatively easy to measure with electromagnetic obser-
vations. When the electromagnetic spectrum of a black
hole is dominated by the thermal spectrum of its accre-
12
β=0.5β=0.8β=1.0
0.0 0.2 0.4 0.6 0.8 1.0
5.94
5.96
5.98
6.00
Qm/M
r
M
Qm=0.5
Qm=0.8
Qm=1.0
0 5 10 15
3.0
3.5
4.0
4.5
5.0
5.5
6.0
β
r
M
FIG. 12: ISCO radius of a magnetic dipole around magnet-
ically charged stringy black hole for different values of the
parameter β and the black hole magnetic charge. The top
panel shows the impact of the parameter β and the bottom
panel shows the impact of the black hole magnetic charge.
tion disk and the Eddington-scaled disk luminosity is be-
tween ∼ 5% to ∼ 30%, the inner edge of the disk is at
the ISCO of the spacetime with a good approximation;
see [91, 92] and reference therein.
In General Relativity, the radial coordinate of the
ISCO radius has not a direct physical meaning, as it de-
pends on the coordinate system, but still the value of
the ISCO radius is normally a good proxy to compare
black hole spacetimes with similar observational prop-
erties in the electromagnetic spectrum [3, 6]. Thermal
spectra of thin accretion disks around black holes are
multi-temperature blackbody spectra with a high energy
cutoff determined by the inner edge of the disk, so by
the ISCO radius [93]: if we fit the data with a metric in
which the ISCO radius is determined by two parameters,
we find the typical banana shape in the plot of those
parameters and we cannot measure simultaneously the
two parameters [94]. A similar problem is found in the
analysis of the reflection spectrum of the disk [95, 96],
even if in the presence of high quality data and for an
ISCO radius very close to the black hole event horizon it
is possible to break such a parameter degeneracy [97, 98].
Polarimetric measurements are also affected by the same
issue [99].
The ISCO radius for prograde and retrograde orbits of
a test particle around a rotating Kerr black hole can be
expressed with the following compact formula [100]
risco = 3 + Z2 ±
√
(3− Z1)(3 + Z1 + 2Z2) , (50)
where
Z1 = 1 +
(
3
√
1 + a+ 3
√
1− a
)
3
√
1− a2 ,
Z2 =
√
3a2 + Z21 .
We plan to perform the above-mentioned study of the
ISCO analyzing the motion of the magnetar SGR (PSR)
J1745–2900 orbiting Sgr A*. We model the magnetar as
a test particle with magnetic dipole.
The magnetar called SGR (PSR) J1745–2900 was dis-
covered in 2013 in the radio band [101]. It is orbiting
the supermassive black hole Sgr A*, whose mass is M ≈
3.8 × 106M. From the analysis reported in [101], we
can estimate the value of the parameter β. The magnetic
dipole moment of the magnetar is µ ≈ 1.6× 1032G · cm3
and its mass is m ≈ 1.5M. We thus find
β =
µPSR J1745−2900
mPSR J1745−2900MSgrA∗
≈ 10.2 . (51)
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FIG. 13: ISCO radius of a magnetic dipole orbiting mag-
netically charged stringy black holes, Kerr black holes, and
Schwarzschild black holes immersed in external magnetic
fields for different values of the parameter β.
Fig. 13 presents the ISCO radius of a magnetic dipole
around rotating Kerr black holes, Schwarzschild black
holes immersed in external magnetic fields, and mag-
netically charged stringy black holes as a function of
their proper parameters a/M ∈ (0, 1), Qm ∈ (0, 1), and
B ∈ (0, 1), respectively. We can see that the effect of
the magnetic charge Qm is stronger than the effect of
the external magnetic field and it become stronger if we
increase the parameter β.
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A. Magnetically charged stringy black holes versus
rotating Kerr black holes
First, we consider the motion of magnetic dipoles and
non-magnetized particles around magnetically charged
stringy black holes and rotating Kerr black holes, respec-
tively. We will show how the magnetic charge of a stringy
black hole can mimic the spin of a Kerr black hole pro-
viding the same ISCO radius.
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FIG. 14: Relations between the spin of a rotating Kerr black
hole and the magnetic charge of a stringy black hole providing
the same ISCO radius for different values of the parameter β.
Fig. 14 illustrates the relation between the rotation
parameter of a Kerr black hole and the magnetic charge
parameter of a stringy black hole that provide the same
value of the ISCO radius. We can see that the magnetic
charge of the string black hole can mimic the spin of a
Kerr black hole up to about 0.5M for the magnetic dipole
with the coupling parameter β = 5. Such an upper value
of the spin parameter increases if we increase the value of
the parameter β, but cannot exceed the value a∗ ≈ 0.85.
B. Magnetically charged stringy black holes versus
Schwarzschild black holes in magnetic fields
Let us now analyze the role of external magnetic fields
on the motion of magnetic dipoles and how the magnetic
charge of a stringy black hole can mimic the magnetic in-
teraction between an external magnetic field and a mag-
netic dipole. The topic of magnetic dipole motion around
Schwarzschild black holes immersed in external, asymp-
totically uniform, magnetic fields was first studied by de
Felice in [48]. In Ref. [57], we extended that study to the
motion of magnetic dipoles and we showed how the mag-
netic interaction can mimic a non-rotating black hole in
modified gravity (MOG), which is a scalar-tensor-vector
theory proposed in [102]. The magnetic dipoles dynam-
ics around black holes in conformal gravity [56] and 4-D
Einstein Gauss-Bonnet gravity [103] has also shown the
degeneracy of the magnetic interaction parameters with
the spin of Kerr black holes, where a magnetized neutron
star was treated as a magnetic dipole with the magnetic
coupling parameter
B =
2µB0
m
=
BNSR
3
NSBext
mNS
orbiting around a supermassive black hole. Plugging in
typical values for a neutron star and an external magnetic
field, we find
B = 0.0044
(
BNS
1012G
)(
RNS
106cm
)3(
Bext
10G
)(
mNS
M
)−1
.(52)
We can estimate the value of the interaction parame-
ter for the case of the magnetar SGR (PSR) J1745–2900
orbiting around Sgr A* and we obtain
BPSRJ1745−2900 ' 0.716
(
Bext
10G
)
. (53)
In previous studies [56, 57, 103], it was shown that a
magnetic dipole with a magnetic interaction parameter
B ≥ 1 cannot be in a stable circular orbits due to the
destructive nature of magnetic fields. This implies that
one can estimate an upper limit for the value of external
magnetic fields through such a condition and then predict
that the orbit of the magnetar SGR (PSR) J1745–2900
around Sgr A* is stable or not by using B < 1. Simple
calculations show that one can expect that circular orbits
of the magnetar are stable only if the external magnetic
field in the environment of SrgA* is Bext . 14G. This
indicates that a magnetar with a surface magnetic field
(Bsurf) of the order of Bsurf > 10
14G cannot be in a
stable orbit in the environment of a supermassive black
hole when the external magnetic field is more than about
10G. Since the expected magnetic field near Sgr A* is
around 100G, the magnetic coupling parameter for the
magnetar (SGR) PSR J1745-2900 is B ' 7.16 and one
can expect to observe pulsars with a surface magnetic
field less than 1012 G. Non-observability of radio pulsars
and magnetars in the central part of our Galaxy in vicin-
ity of SgrA* can be caused by either their nonexistence
in the region close to ISCO or scattering of radio signals
broadening them, which leads to pulsar’s signal disap-
pearance. The detailed analysis performed here shows
that the interaction of an ambient magnetic field with
the magnetar’s (pulsar’s) magnetic moment is so strong
that its orbit in close vicinity of SgrA* would become
very unstable and would be unlikely to find a magnetar
there. The only opportunity is to look for radio pulsars
with low surface magnetic field in that area.
Now we are back to the question if the magnetic charge
of the stringy black hole can mimic magnetic field ef-
fects providing the same ISCO radius. One can compare
the ISCO radius of the two cases of the magnetic dipole
motion around a Schwarzschild black hole immersed in
an external magnetic field and a magnetically charged
stringy black hole following the results of Ref. [48] and
Eq.(49).
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As the next step, we will focus on the possible degen-
eracy due to effect of the magnetic coupling parameter
and the magnetic charge of the stringy black hole.
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FIG. 15: Relation between the parameters of magnetic cou-
pling and magnetic charge for the same ISCO radius for dif-
ferent values of the parameter β.
Fig. 15 demonstrates the relation between the mag-
netic coupling parameter and magnetic charge parameter
of a stringy black hole. One may see that the magnetic
coupling parameter may mimic the magnetic charge of
a black hole up to Qm/M = 0.7532 for the magnetic
dipole with the parameter β = 5 while it mimics up
to Qm/M = 0.4118 for the particle with the parameter
β = 10. This implies that when we apply such a result to
the case of the magnetar SGR (PSR) J1745–2900 orbiting
around Sgr A* it is impossible to distinguish the effects
of an external magnetic field with B ≤ 14G and a mag-
netic charge of a stringy supermassive black hole with
the magnetic charge Qm/M ≤ 0.4118. We hope that the
estimation for a realistic case may help to perform stud-
ies of magnetic dipoles such as radio pulsars which can
be observed as recycled pulsars and magnetars motion
around the supermassive black hole SrgA* in the near
future when such observations will be possible.
VI. CONCLUSIONS
• First, we have studied the motion of an electrically
charged particle around an electrically charged
stringy black hole. If the black hole electric charge
increases, the ISCO radius of the charged parti-
cle decreases. For the maximal value of the black
hole electric charge Qext =
√
2M , we have found
that there is a critical value for the particle elec-
tric charge |qext| = Qext/2 such that if the particle
electric charge exceeds this value the ISCO radius
becomes infinitely large; that is, particles with an
electric charge exceeding qext have no stable cir-
cular orbits around the stringy black hole. We
have also shown that an electrically charged stringy
black hole can assume the same ISCO radius as a
Kerr black hole, suggesting that a similar object
may mimic well Kerr black holes of any spin.
• Second, we have studied the motion of mag-
netic monopoles in the spacetime of a magneti-
cally charged stringy black hole. The magnet-
ically charged black hole solution recovers the
Schwarzschild one in the case of vanishing magnetic
charge Qm. We have found that the event horizon
and the ISCO radius are not affected by the value
of Qm and they have thus the same value as in the
Schwarzschild spacetime. This leads to important
implications from the observational point of view
and suggests that it would challenging for a faraway
observer to distinguish a static and spherically sym-
metric Schwarzschild black hole from a magneti-
cally charged stringy black hole. The ISCO ra-
dius changes only for particles with a non-vanishing
magnetic charge. The ISCO radius increases if the
particle electric charge g is positive and increases.
The ISCO radius decreases if the particle electric
charge g is negative and its absolute value increases.
The ISCO radius cannot get arbitrarily close to the
event horizon in the case of negative values of the
particle magnetic charge g.
• Last, we have studied the dynamics of magnetic
dipoles around magnetically charged stringy black
holes in the weak interaction limit introducing a
new parameter β, describing the interaction be-
tween the particle magnetic dipole and the cen-
tral object. From the study of the ISCO radius of
magnetic dipoles, we found that the existence of an
ISCO is determined by the values of the parameter
β and of the black hole magnetic charge. If the pa-
rameter β exceeds a critical value, set by the black
hole magnetic charge, there are no stable circular
orbits for the magnetic dipole due to the increase
of destructive Lorentz forces. Finally, we have in-
vestigated how the magnetic charge of a stringy
black hole can mimic the spin of a Kerr black hole
and the interaction between magnetic dipoles and
external magnetic fields providing the same ISCO
radius. Our results show that the magnetic charge
of a stringy black hole can mimic the spin param-
eter of a Kerr black hole up to a∗ ∼ 0.85, while
the magnetic interaction parameter can mimic the
magnetic charge effects up to Qm/M = 0.7532 for
a magnetic dipole when β = 5. We applied these
findings to the magnetar SGR (PSR) J1745 orbit-
ing around the SMBH Srg A* and we argued that
the latter may be a stringy black hole with mag-
netic charge up to Qm/M = 0.4118.
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